Let K = GF (q m ) be an extension of degree m of the finite field GF (q). Let E = K n be the vector space of dimension n over K.
The group of linear isometries for the classical Hamming distance is well-known: it is the monomial group of n × n matrices over K with one and only one non-zero element on each row and each column [2] . This group is generated by the permutations of the support and the scalar multiplications by invertible elements on each coordinate.
In this section, we characterize the linear transformations that are isometries for the rank distance.
Definition 2 An isometry for the rank distance is a K-linear automorphism f of E which preserves the rank of the elements of E, i.e. rk(a) = rk(f (a)) for all a in E.
Let Iso(E) be the group of isometries for the rank distance. The following facts are very easy to check:
• The scalar multiplications h λ : a = (a 1 , . . . , a n ) → λa = (λa 1 , . . . , λa n ), λ ∈ GF (q m ) * are isometries for the rank distance.
• For all M ∈ GL(n, q), the K-linear endomorphism f M of E defined by a → aM is an isometry for the rank distance.
The following theorem characterizes the isometries for the rank distance. Proof : As noticed previously, the scalar multiplications and the transformations associated to n × n invertible matrices with coefficients in GF (q) are isometries for the rank distance.
Let f ∈ GL(n, q m ) be an invertible K-linear transformation, and M be its associated matrix in the canonical basis. The i-th row of M is the image of e i by f .
Suppose that f is an isometry for the rank distance. The rank of each row must be one. Moreover, eventually using a scalar multiplication, it is possible to suppose that the elements of the first row are in GF (q), i.e. f (e 1 ) ∈ GF (q) n . Let i ∈ {2, . . . , n}. Following the preceding remarks, there exists a µ ∈ K * such that
and must be of rank 1. There exists at least one non-zero coordinate, for example the first.
From this fact, we deduce
. This is an element of GF (q) ∩ µGF (q). Then either µ is in GF (q) and the elements of the i-th row are in GF (q), or t = 0, that implies f 1,j = sf 1,1 for all j: the i-th row is deduced from the first by multiplication by s. This is not possible, since the matrix M is invertible. This proves the fact that al the f i,j are in GF (q) and f is in GL(n, q).
To complete the proof, we first remark that the scalar multiplications h λ commute with all the linear transformations. Moreover, the intersection of the linear group GL(n, q) and the group of scalar multiplications is the subgroup of scalar multiplications for which λ is in GF (q)
* . This implies that Iso(E) is isomorphic to the direct product (
II. Gabidulin codes
In this paragraph, we restrict ourselves to Gabidulin codes of full length, i.e. of length n = m, where m is the degree of extension of K = GF (q m ) over the base field GF (q). The Gabidulin codes where introduced in [1] . These codes are MRD (Maximum Rank Distance): they meet the best possible rank distance d r = n + 1 − k, where k is the dimension of the code.
We first recall the definition and the main properties needed in the next section. Let g = (g 1 , . . . , g m ) be a basis of K over GF (q). Let G k,g be the matrix defined by 
Definition 3 The Gabidulin code of dimension k relatively to the basis g is the code G k,g of length m over K generated by the matrix G k,g .
In [1] , E.M. Gabidulin proved that these codes are MRD. Now, we present a more precise characterization of the dual of a Gabidulin code under their restriction that the length is exactly m.
Let g = (g 1 , . . . , g m ) be a basis of K over GF (q), and h = (h 1 , . . . , h m ) be the trace-
orthogonal basis of g: h is the unique basis such that T r(g
Clearly, this relation is equivalent to G m,g G t m,h = I. [k] . [k] is the dual of G k,g if and only if < g [i] , h [j] >= 0 for all i = 0, . . . ,k − 1 and all j = k, . . . ,m − 1. The result follows from the relation
Lemma 1 The dual of the Gabidulin code G k,g is the Gabidulin code G m−k,h

Proof : The Gabidulin code G m−k,h
G t m,h G m,g = (< g [i] , h [j] >) i,j = G m,g G t m,h = I. 2
Proposition 1 Suppose k < m. Let G k,g be a Gabidulin code and h be the traceorthogonal basis associated to g. A Gabidulin code G m−k,h is the dual of G k,g if and only if there exists a scalar a ∈ K
* such that h = ah. 
, and then h = ah [k] . Clearly a = 0, since h is not 0.
The reverse part of this proposition is trivial. 2
From this proposition, we can deduce a characterization of the distinct bases who give the same Gabidulin code.
Theorem 2 Suppose k < m. Two Gabidulin codes G k,g and G k,g are equal if and only if if there exists a scalar a ∈ K
* such that g = ag.
Proof : This result is the previous proposition applied to the dual
Remark: This result cannot be directly extended to Gabidulin codes of length n less than m.
III. Isometry group and permutation group of Gabidulin codes
The scalar multiplication h λ : (c 1 , . . . , c m ) → (λc 1 , . . . , λc m ), λ ∈ K * , is clearly an element of the isometry group of every K-linear code of E.
Let M ∈ GL(m, q) be a m × m invertible matrix with coefficients in GF (q) and f ∈ Iso(E) be its associated isometry. Proof : The permutation group is a subgroup of Iso (G k,g ). The only scalar multiplication which is a permutation is the identity. 2
Conclusion In this paper, we characterized the isometries for the rank distance. Using this property, we have been able to find the permutation group and the isometry group of Gabidulin codes. However, the problem of the classical automorphism group of Gabidulin codes for the Hamming distance remains open.
For example, if k = 1, it is easy to construct a permutation followed by appropriated scalar multiplications on each component who leaves the code globally invariant.
We never obtained such a non-trivial example for 2 ≤ k < m − 1.
